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The problem of feedback control of spatially distributed processes described by highly
dissipative partial differential equations (PDEs) is considered. Typically, this problem is
addressed through model reduction, where finite dimensional approximations to the orig-
inal infinite dimensional PDE system are derived and used for controller design. The
key step in this approach is the computation of basis functions that are subsequently uti-
lized to obtain finite dimensional ordinary differential equation (ODE) models using the
method of weighted residuals. A common approach to this task is the Karhunen-Loeve
expansion combined with the method of snapshots. To circumvent the issue of a priori
availability of a sufficiently large ensemble of PDE solution data, the focus is on the re-
cursive computation of eigenfunctions as additional data from the process becomes
available. Initially, an ensemble of eigenfunctions is constructed based on a relatively
small number of snapshots, and the covariance matrix is computed. The dominant eigen-
space of this matrix is then utilized to compute the empirical eigenfunctions required for
model reduction. This dominant eigenspace is recomputed with the addition of each
snapshot with possible increase or decrease in its dimensionality; due to its small dimen-
sionality the computational burden is relatively small. The proposed approach is applied
to representative examples of dissipative PDEs, with both linear and nonlinear spatial
differential operators, to demonstrate its effectiveness of the proposed methodology.
© 2009 American Institute of Chemical Engineers AIChE J, 55: 906-918, 2009
Keywords: control of PDEs, model reduction, distributed parameter systems, process control

Introduction

Most of the processes relevant to the chemical process
industry necessitate the consideration of transport phenomena
(fluid flow, heat and mass transfer) often coupled with chem-
ical reactions. Examples range from reactive distillation in
petroleum processing to plasma enhanced chemical vapor
deposition, etching and metallorganic vapor phase epitaxy
(MOVPE) in semiconductor manufacturing. Mathematical
descriptions of these transport-reaction processes can be
derived from dynamic conservation equations and usually
involve highly dissipative (typically parabolic) partial differ-
ential equation (PDEs) systems. The problem of feedback
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control of such processes is nontrivial owing to these
spatially distributed mathematical descriptions.

A standard approach to feedback control of these systems
involves the formulation of a finite dimensional approxima-
tion to the original infinite dimensional system by spatial dis-
cretization using Galerkin’s method.' This yields a system
of ordinary differential equations (ODEs) that describes the
dominant/long-time dynamics of the PDEs, which can be
subsequently utilized to design feedback controllers.*> How-
ever, a drawback of this approach is that typically a large
number of modes are required to accurately capture the
dynamics of the PDE. Consequently, the dimensionality of
the ODE approximation is large which leads to complex
controller design and high-dimensionality of the resulting
controllers.

To circumvent this problem, the concepts of inertial mani-
fold (IM)*” and approximate inertial manifold (AIM)*1°
were used to derive lower order differential algebraic
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equation (DAE) systems, which capture the dominant dynam-
ics of quasi-linear PDEs (systems having linear spatial differ-
ential operators and nonlinear terms that enter in an additive
fashion). The derived DAE systems were further used for the
synthesis of nonlinear low-dimensional output feedback con-
trollers which enforce stability and output tracking in the
closed-loop system. However, the aforementioned procedures
cannot be directly applied to systems which have nonlinear
spatial differential operators or to problems defined over
irregular spatial domains (e.g., chemical reactors with com-
plex geometry), since the eigenvalue-eigenfunction problem
of the spatial operator for these systems cannot be analyti-
cally solved in general, and it, is, thus, difficult to derive the
basis functions to expand the solution of the PDE system. In
order to overcome this issue studies have focussed on lineari-
zation' of the spatial nonlinear operator around a steady
state, while designing linear-quadratic optimal feedback con-
trol laws. However, the basis functions obtained through this
procedure can be used only in the neighborhood of the
steady state where this linearization takes place. Alterna-
tively, optimal basis functions were derived for nonlinear
PDE systems using Karhunen-Loéve expansion (KLE), and
the calculated basis functions were used in the method of
weighted residuals.!"*'?

However, KLE involves the solution to an eigenvalue-
eigenfunction problem of an integral operator; this is in gen-
eral, a computationally expensive task. This issue was
addressed in the method of snapshots,13 a numerical proce-
dure that reduces the computational cost involved in the
above eigenvalue problem. This method has been extensively
utilized to “empirically” compute the eigenfunctions of non-
linear PDEs using an ensemble of solution data obtained ei-
ther through experimental observations or from detailed nu-
merical simulations. KLE along with the method of snap-
shots has been used extensively in model reduction,'*
optimizationls_17 and control"®2° of distributed processes.
The shape of the empirical eigenfunctions accounts for the
spatiotemporal behavior of the given PDE system which,
therefore, allows computation of finite-dimensional lower-
order models. This approach, however, relies on the a priori
availability of a large ensemble of PDE solution data (snap-
shots) in which all the possible spatial modes have been
excited. Unfortunately, no well defined methodology exists
for generating such an ensemble.

A promising procedure to circumvent this issue, specifi-
cally for controller design, is to initially compute the eigen-
functions using the available ensemble of snapshots and con-
tinuously refine the eigenfunctions online as more snapshots
of the process become available. The computation of the em-
pirical eigenfunctions requires the solution of the eigenvalue
problem of the covariance matrix of the snapshots, which
might become expensive for online computations. In this arti-
cle, we describe a procedure to recursively compute the em-
pirical eigenfunctions of a given PDE system. The approach
is based on the computation of an approximation of the
eigenspace of the covariance matrix corresponding to its sig-
nificant eigenvalues. This dominant eigenspace is updated
recursively as new snapshots from the process are added to
the ensemble, simultaneously increasing or decreasing its
dimensionality if required. We maintain that as long as the
dimensionality of the dominant eigenspace remains small,
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the computational burden for updating the dominant eigen-
space remains small and can be easily performed online. The
focus of this procedure is the derivation of low-order models
specifically tailored for the design of feedback controllers
and observers for distributed processes. Following the deriva-
tion of the reduced-order model, nonlinear model based feed-
back controllers are designed. We evaluate the effectiveness
of the proposed approach numerically through a representa-
tive example of a diffusion-reaction process.

Mathematical preliminaries

We focus on the problem of feedback control of spatially
distributed processes described by highly dissipative PDEs
with the following state-space description

Ox
S A+ b+ ()

o= [ clewa: 0
Q

Y = /Qs(z)xdz

subject to the mixed-type boundary conditions

dx d"'x
q(x,;n7...,m>:00nr (2)
and the following initial condition
x(z,0) = xo(2) 3)

In the aforementioned PDE system, x(z,f) € R" denotes the
vector of state variables, y. € R¥ denotes the vector of con-
trolled outputs, ¢ is the time, y,, € R" denotes the vector of
measured outputs, z € Q C R is the spatial coordinate, Q is
the domain of definition of the process, and I' is its bound-
ary. A(x) is a highly dissipative, possibly nonlinear, spatial
differential operator of order n,, where n, is an even number;
f(x) is a nonlinear vector function, which is assumed to be
sufficiently smooth with respect to its arguments, ¢(z) is a
known smooth vector function of z, which is determined by
the desired performance specifications in the domain €, and
s(z) is a known smooth vector function of z, which is deter-
mined by the location and type of measurement sensors (e.g.,
point or distributed sensing), u = [uy, us,...,u;] € RF
denotes the vector of manipulated inputs, b(z) € R is a
known smooth matrix function of z of the form [b;(2),

by(2), ..., bi(z)], where b,z) describes how the i™ control
action u,(f) is distributed in the spatial domain Q, g¢(x,
(dx/dn), ..., (d™ 'x/dq™~1)) is a nonlinear vector function

which is assumed to be sufficiently smooth, %‘1' | denotes the
derivative in the direction perpendicular to the boundary, and
xo(z) is a smooth vector function of z. We note that in the
case of point actuation which influences the system at z,
(i.e., b(z) is equal to d(z — zp), where J(-) is the standard
Dirac function), we approximate the function d(z — zp) by
the finite value 1/2¢ in the interval [zy — ¢, zg + €] (where ¢
is a small positive real number) and zero elsewhere in the
domain. We assume that for a given set of initial and bound-
ary conditions the system of Eqgs. 1-3 has a unique solution.
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We define the inner product and norm in L,[Q], where L,[Q]
is the space of square integrable functions defined in Q, as
follows

<@¢»:A¢@%@wmmwﬂmwyﬂ 4

where ¢, ¢ € L,[Q] and * denotes the complex conjugate
transpose.

We also define the Lie derivative of the scalar function
hix) with respect to the vector function flx) as Lsh;(x) =
(((Dhi(x)/dx) f(x)) - Lyhi(x) denotes the k-th order Lie deriv-
ative, and LgL]’ﬁh,-(x) denotes the mixed Lie derivative.

Problem Formulation and Solution
Methodology

In this section, our objective is to present an outline of the
steps of the adaptive model reduction and control methodol-
ogy for processes that are described by the system of Eqs. 1—-
3. The control problem is formulated as the one of deriving a
feedback control law u(f) = G(x(¢)), such that the closed-
loop system is stabilized at a desired set point. Without loss
of generality, we assume the setpoint is x(z, ) = 0. The steps
of the proposed methodology to achieve the above task are:

1. Initially generate an ensemble of solution data either
through experimental observations or from detailed numerical
simulations.

2. Analyze the PDE solution data and obtain the basis func-
tions using KLE and use the method of weighted residuals to
construct a finite-dimensional approximation of the PDE.

3. Design a state feedback controller based on the finite
dimensional approximation.

4. Recursively modify the eigenfunctions and the finite
dimensional approximation as new process measurements
become available. This step may require addition or deletion
of eigenfunctions. Redesign the feedback controller based on
the modified finite dimensional approximation.

A closed-loop diagram illustrating the different steps of
the developed methodology is presented in Figure 1. We
note that the initial data required for evaluating the eigen-
functions can be obtained either experimentally (by allowing
the process to evolve with no control action for a short pe-
riod of time), or from previously obtained historical data, or
numerically by using offline simulation packages for PDE
systems such as Fluent and Comsol and, subsequently, evalu-
ating the simulation results. The following subsections are
intended to describe each of the above steps in detail.

Computation of empirical eigenfunctions using KLE

In this section, we use the off-line solution data of the system
of Eq. 1 to construct the basis functions necessary for the deri-
vation of finite dimensional ODE models. KLE is a procedure
used to compute an optimal set of empirical eigenfunctions
from an appropriately constructed set of solutions of the PDE
system of Eq. 1. In general (but not in this method; see remark
1), the ensemble of solutions is constructed by computing the
solutions of the PDE system of Eq. 1 for different values of
u(t), and different initial conditions. 132!

Application of KLE to this ensemble of data provides an
orthogonal set of basis functions (known as empirical eigen-
functions) for the representation of the ensemble, as well as
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Figure 1. Process operation block diagram under pro-
posed controller design.

a measure of the relative contribution of each basis function
to the total energy (mean-square fluctuation) of the ensemble.
A truncated series representation of the ensemble data in
terms of these dominant basis functions has a smaller mean-
square error than a representation by any other basis of the
same dimension.?? Therefore, KLE yields the most efficient
way for computing the basis functions (corresponding to the
largest empirical eigenvalues) which capture the dominant
patterns of the ensemble. Let v, denote the snapshot of the
system available at time ,, and let the total number of snap-
shots available be K. We will briefly present the key features
of KLE. The reader may refer to'??>?? for a detailed presen-
tation and analysis of the KLE.

We define the ensemble average as (W) := 3% | W,(2),
where W, denotes the snapshot of a vector quantity at time
t,. (nonuniform sampling of the snapshots and weighted en-
semble averages can be also considered'®). The issue is how
to obtain the most typical or characteristic spatial profile (in
a sense that will become clear below) ¢(z) from these snap-
shots {v,}. Mathematically, this problem can be posed as the
one of obtaining a function ¢(z) that maximizes the follow-
ing objective function

((¢,7)%)

Maximize ———-—-

(0, 9) Q)
sit(, ) =1, ¢ € LX(Q))

which, in other words, implies that the projection of v,
on the subspace spanned by ¢(z) captures the maximum
energy contained in these snapshots. The constraint (¢, ¢)
= 1 is imposed to ensure that the function, ¢(z), com-
puted as a solution of the earlier maximization problem,
is unique. An alternative way to express the constrained
optimization problem of Eq. 5 is to solve the perturbation
problem for ¢

dL(¢ + o¢)

L2 6=0)=0,(6,4) = 1 ©

where L = ((¢, v)?) — (¢, ¢) — 1) is the correspond-

ing Lagrangian functional, and ¢ is a real number.
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Using the definitions of inner product and ensemble aver-
age, (dL(¢ + 0¢)/do)(6 = 0) can be computed from the fol-
lowing expression

dL(¢p +o0¢) .
O (5= )

- [({ [ oo v )rea

Since I'(Z) is an arbitrary function, the necessary condi-
tions for optimality take the form

/Q @Dz = 1b(), (BB =1 @

Introducing the two-point correlation function

K(z,2) = (ve(2)ve(2)) = Z Vie(2)vie(Z )
and the integral operator
R := / K(z,7)dz (10)
Q

the optimality condition of Eq. 8 reduces to the following
eigenvalue-eigenfunction problem of the integral operator

RO=26= [ KEDO@E=10G) ()
Q

The computation of the solution of the aforementioned in-
tegral eigenvalue problem is, in general, a very expensive
computational task. To circumvent this problem, Sirovich, in
1987, introduced the method of snapshots.13 The central idea
of this technique is to assume that the requisite eigenfunction
¢(z), can be expressed as a linear combination of the snap-
shots i.e.

12)

=> ¥z
k

where /¥ denotes the kth element of vector .
Substituting the above expression for ¢(z) on Eq. 11, we
obtain the following eigenvalue problem

[
=Y vz
QKK:I

Defining the (i, k)th element C}‘g" of matrix Cg as

k
Wiz Zw"vk dz—ﬂZka(z) (13)

=1

11( /Q v (G (2)dz

the eigenvalue problem of Eq. 13 can be equivalently written
as

= (14)

Cx¥ =

The solution of the above eigenvalue problem (obtained
by utilizing standard methods from linear algebra®®) yields K
eigenvectors Yy, Yo, ..., Y, which can be used in Eq. 12 to

s)
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construct K eigenfunctions ¢,(z), k = 1,..., K. By construc-
tion, matrix Cg is symmetric and positive semidefinite, and
thus, its eigenvalues, 4, k = 1,..., K, are real and, non-neg-
ative. The relative magnitude of the eigenvalues represents a
measure of the fraction of the “energy” embedded in the en-
semble captured by the corresponding eigenfunctions. We
order the calculated empirical eigenfunctions such that

/11>),2> >}K (16)
Furthermore, the resulting eigenfunctions form an ortho-

normal set, i.e.

[o@oea=0izjm [ g@o@a=1 an
Q Q

Iterative methods, such as Krylov subspace methods,** can
be used to reduce the computational cost associated with the
computation of the eigenvalues and eigenfunctions.

Remark 1. Since we are recursively updating the eigen-
functions as snapshots arrive, it should be noted that we need
not perform an exhaustive sampling of the state-space of the
PDE by evolving the system from a number of different ini-
tial conditions, and for different values of actuation during
ensemble generation.

Derivation of finite dimensional approximations using
method of weighted residuals

We employ the identified empirical eigenfunctions to
derive finite-dimensional approximations of the infinite-
dimensional PDE system of Eq. 1, by using the method of
weighted residuals. To simplify the notation, without loss of
generality we consider the system of Eq. 1 with n = 1. In
principle, x(z, f) can be represented as an infinite weighted
sum of a complete set of basis functions ¢(z). We can
obtain an approximation xj(z, f), by truncating the series
expansion of x(z, f) up to order N, as follows

o0

N
w(z,0) =D a()d(2) = x(z,0) = Y an(t)dy(z)  (18)

k=1 k=1

where () is a time-varying coefficient called the mode of
the system.

Substituting the expansion of Eq. 18 into Eq. 1, multiply-
ing the PDE with the weighting functions, (z), and integrat-
ing over the entire spatial domain (i.e., taking inner product
in L,[Q] with the weighting functions), the following N-th
order system of ODE:s is obtained

_ kNZlak ( /Q w(z)(j)k(z)dz) + /Q w(2)1 (ZN: ak(t)qbk(z)) d

+/ch(z)b( )udz—l—/ (Zak e )dz—

v=1,...,N (19)

The weighting functions in the above equation determine
the type of weighted residual method being used. When the
weighting functions are the basis functions, w(z) = ¢(z), the
method of weighted residuals reduces to Galerkin’s method.
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In the proposed methodology, since we are using
empirical eigenfunctions for this expansion we slightly abuse
the terminology, and we continue to call this Galerkin’s
method. The resulting ODE system can be written compactly
in the form

a= F(a)+ Gu (20)

where a € RY are now called empirical eigenmodes, and F,
G are vector and matrix functions of appropriate dimensions
defined in Eq. 22 below.

Controller design using feedback linearization

In this section, we employ feedback linearization to
design state feedback controllers for the system of Eq. 1,
based on the representation of Eq. 20. To simplify the de-
velopment, we represent the system in the following com-
pact form

k
a= F(a)+ Gu= F(a) + Z Giuti,
i=1

Ym = /Qs(z)xa'z7 @n
Yei=hi(a),i=1,...,k
where
F(a) = /Q P(2)A (i; a(?) ¢k(z)> dz
N
+ /Q o(2)f (; ak(t)qﬁk(z)) dz )

6= [ demie)a:
hia) = [ ¢z

where k is the number of manipulated inputs, u; is the /™

manipulated input, y, is the measured output vector, S
denotes the measurement sensor shape function, and y.; is
the /™ controlled output. We assume that the relative degree
T 22f the system of Eq. 21 is well defined for all values of
a.

We use feedback linearization to design state feedback
controllers which have the following general form

u=pla)+Q(a)y (23)

where p(a) is a smooth vector function, Q(a) is a smooth ma-
trix, and v € RX is the constant reference input vector. Based
on the relative degrees of the system of Eq. 20, we assign
the following closed-loop behavior to the controlled outputs

y:',i

ko j
SN gy (24)

The characteristic matrix of the system Eq. 21
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Lg L " hy(a)
Lg L "ho(a)

LglL;g*ihl(a)
Lo L "ha(a
Cola) = ot el
Lg L 'hy(a) Lg L} 'hy(a)
is assumed to be invertible (i.e., det(Co(a)) # 0). Eq. 21 can
be used to derive state feedback controller (of the form given
by Eq. 23) that guarantee output behavior as described by
Eq. 24.% The explicit form of the controller is:

k ri )
u={[B, - -ﬁm]CO(a)}il {‘A’ - Z Z ﬁi/l{}hi(a)} (25)
i=1 j=0

The proof of the closed-loop properties of the proposed
controller can be found in*® and are omitted for brevity.

Recursive update of empirical eigenfunctions

The original KLE algorithm requires a priori availability
of a sufficiently large ensemble of PDE solution data to com-
pute empirical eigenfunctions. However, in practice, it is dif-
ficult to generate such an ensemble so that all possible domi-
nant spatial modes are appreciably contained within the cor-
responding snapshots. The resulting eigenfunctions, therefore,
are representative of the corresponding ensemble only. Dur-
ing closed-loop simulation, situations may arise when the
existing eigenfunctions fail to accurately represent the dy-
namics of the PDE system.

One possible solution is to continue augmenting the ensem-
ble of snapshots, and then recomputing the eigenfunctions as
more information regarding the process becomes available.
However, this would require the solution of the eigenvalue-
eigenvector problem of Eq. 15, which may become computa-
tionally expensive, and hence, unsuitable for online computa-
tions as the process evolves. Furthermore, while we are tra-
versing different regions of the state-space during the process
evolution, old snapshots may not contain pertinent information
of the process behavior in the local region.

To circumvent the latter problems, we propose an algo-
rithm that allows for recursive update of empirical eigenfunc-
tions once new measurements from the process become avail-
able. Let us define ¢ as the percentage energy of the ensem-
ble captured by dominant eigenfunctions. The proposed
algorithm is based on the partition of the eigenspace of the
covariance matrix into two subspaces; the dominant one con-
taining the modes which capture at least ¢ percent of energy
in the ensemble (denoted as [P), and the orthogonal comple-
ment to [P containing the rest of the modes (denoted as ().
Such a partition is possible due to the fact that the dominant
dynamics of highly dissipative PDEs are finite (typically
small) dimensional.® The orthonormal basis for the subspace
P is recursively updated upon the arrival of new snapshots,
possibly by increasing or decreasing the size of the basis if
required and by maintaining the accuracy of basis by per-
forming orthogonal power iteration, while the orthonormal
basis for @ can be computed from the fact that Q is the
orthonormal complement of [°. We maintain that the extra
work required for the aforementioned process is small as
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long as the dimension of P is small (this amounts to choos-
ing an appropriate value for ¢).

As defined in the subsection about KLE, Cx denotes the
covariance matrix obtained from K snapshots. We assume
that out of K possible eigenvectors of Cg, m have the corre-
sponding eigenvalues such that Y ", ;/ Zf(:l ki > 1o m
eigenmodes of Ck capture ¢ percent of energy in the ensem-
ble. An orthonormal basis for the subspace P can be
obtained as

Z="[ Vs, ), Z € R (26)
where V1, Vs, ..., ¥, denote the eigenvectors of Cg that cor-
respond to the eigenvalues Ay, 4,,...,4,. Note that the

eigenfunctions computed by using these eigenvectors in
Eq. 12 capture the dominant dynamics of the PDE system of
Eq. 1. The orthogonal projection operators P and Q onto sub-
spaces P and Q can be computed as

p=zz", 0=1-27" Q7

where I denotes the identity matrix of dimension K. Our task
is to obtain the new basis Z, as new snapshots of the process
become available. The algorithm outlined in the following
section computes an approximation to Z without requiring
the solution of the eigenvalue-eigenvector problem of the co-
variance matrix (Eq. 15). We assume that during each step at
most one eigenmode joins the subspace [P. We also assume
that the process changes slowly enough so that the appear-
ance of new patterns is captured by the snapshots. The algo-
rithm requires the dimensionality of the covariance matrix to
remain constant, which we achieve by discarding the oldest
snapshot from the ensemble.

As a new snapshot from the process becomes available,
the subspace P may change in the following three ways.

e The dimension of the dominant subspace [P may
increase i.e., one mode corresponding from () becomes nec-
essary to capture the desired percentage of energy in the en-
semble.

e Some of the eigenmodes of the subspace P may no lon-
ger be necessary to capture the required ¢ percent of the
energy. In this case, the basis Z should be updated, and its
dimension should be simultaneously decreased.

e The dimensionality of P remains unchanged, however,
the basis Z needs to be updated in order to account for the
newly added snapshot.

A flow chart illustrating the aforementioned steps is pre-
sented in Figure 2. In the following subsections, the earlier
steps are explained in detail.

Increasing the Size of the Basis. In this section, we con-
sider the case when one eigenmode of subspace () becomes
dominant as a new snapshot is added, in the sense that the
associated eigenfunction becomes necessary to accurately
describe the ensemble of solutions. The eigenmode thus
becomes an element of subspace P and leaves (2. To monitor
this event we employ the following lemma.

Lemma 1: The set of eigenvalues of ¢, = QCkQ is the
subset of eigenvalues of Ck that correspond to the eigenmo-
des which belong to subspace Q.
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Figure 2. Flow chart of adaptive eigenfunction refine-
ment and adaptive model reduction method-

ology.

See Appendix A for proof.

We, thus, monitor the percentage contribution of the domi-
nant eigenvalue of ¢, = QCkQ, namely /,., towards the
total energy of the ensemble. We define the percentage con-
tribution of 4, as

Am1

I -
If & increases to more than (100 — &) percent we append
Z, the basis of subspace [, with the corresponding eigenvec-
tor (We note that the eigenvalues 4; Vi = 1,..., m can be
computed by solving a small eigenvalue problem, see next
subsection for details). We find the dominant eigenspace of

¢, using the following power iteration

(](H—l) ~ (cq)\’q(o) (29)

The aforementioned iteration then produces iterates that
asymptotically lie in the dominant eigenspace of c,, provided
the initial iterate q(o) has a nonzero component in that direc-
tion. The dominant eigenvalue of ¢, can be computed as

i1 = () ¢qq* (30)

where ¢ is the converged solution of the power iteration Eq.
29. The new eigenvector then becomes part of

Z= W]ﬂﬁz, o ~a'~pmvlpm+1}, YAS Rme+l

and its eigenvalue gets added to the dominant subspace P.
Consequently, the dimension of the subspace P is increased
by one.
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Decreasing the Size of the Basis. As new snapshots are
added and old snapshots are eliminated from the ensemble,
the dominant eigenspace of Cx continuously changes. Power
iteration in the previous section identifies scenarios when one
of the eigenmodes becomes dominant. However, it is likely
that during the process some of the eigenmodes, in subspace
P, may no longer be necessary to capture the desired per-
centage of energy. In such cases, it is required to decrease
the size of basis Z such that it spans the dominant eigenspace
only. To test whether it is required to decrease the size of
the basis we introduce the following m X m matrix

H=27"CxzZ, HeR™" (31)

The eigenvalues of H correspond to the first m dominant
eigenvalues of Ck. They can be computed with little compu-
tational effort as long as m remains small. If only m, with m
< m, eigenvalues of H are dominant (in a sense that only
eigenmodes are required to capture ¢ percent of energy of
the ensemble), then span{ZV} provides a good approximation
to the dominant eigenspace of Cg, where the basis V € R
is obtained from the eigenvectors of H corresponding to its
m dominant eigenvalues. Hence, the step

Z = orth(ZV) (32)

where orth(-) denotes Gram-Schmidt orthonormalization, auto-
matically reduces the size of the basis whenever required.

Maintaining the Accuracy of the Basis. During the pro-
cess evolution it may become apparent that even though the
basis dimensionality remains the same, there is an increase
in the error between the new snapshots and the projection
identified using the “old” basis functions. The following one
step orthogonal power iteration is performed in order to
maintain the accuracy of the basis after each addition of a
snapshot

Z = orth(CxZ) 33)

Remark 2. We note that the orthogonal projections P and
QO should satisty QCgP = 0 (a result which follows from the
fact that P is an orthogonal projector, see Appendix A).
Hence, the accuracy of the basis can be also evaluated by
computing the matrix £ = (I — 7ZZNC K(ZZT).

Model Reduction and Controller Reconfiguration. Based
on the new values of Z, we now compute the revised eigen-
functions ¢y, ¢, ..., ¢,, using (Eq. 12)

b(z) = vrwlz)
k

Using these eigenfunctions, we refine our reduced-order
model

a= F(a) + Gu

and reconfigure the controller (Eq. 25) using the updated
reduced-order model. This step assures that the reduced-order
model captures new trends that appear when the process
traverses through variable state space during closed-loop
operation.

Remark 3. We note that the availability of a process
model is assumed throughout this work. The fine point which
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separates this method from system identification and adaptive
control literature is the fact that the process dynamic model
is accurately known and the system state is accurately meas-
ured at all times. The focus of this work is to recursively
update the reduced-order model of Eq. 21, computed initially
based on the available process model, as the process states
move through different regions in the state-space by recur-
sively updating the empirical eigenfunctions using the meth-
odology presented in this section.

Since the objective is to control the closed loop process
and the process model is accurately known, there is no need
to excite the process to achieve stabilization. The concepts
used to recursively update the basis functions (e.g., the per-
centage contribution {, of the dominant eigenvalue of ¢,) do
not require the system to be persistently excited and can be
computed from the covariance matrix Cg, obtained from
measurements of the entire process state. When the covari-
ance matrix stops providing the controller with relevant in-
formation (which can be measured by the value of the largest
eigenvalue) the re-evaluation of the empirical eigenfunctions
is suspended.

Application to Diffusion-Reaction Process
Linear spatial operator

In this section, we apply the proposed adaptive model
reduction and control methodology to a typical diffusion-
reaction process that exhibits nonlinear dynamic behavior.
Specifically, we consider an elementary exothermic reaction
A — B taking place on a thin catalytic rod. The tempera-
ture of the rod is adjusted by means of an actuator located
along the length of the rod. Assuming that the reactant A is
present in excess, the spatial profile of the dimensionless
temperature of the rod is described by the following para-
bolic PDE

ox_obx
ot 02

subject to the following boundary conditions

+ Br(e7 0 — o) 4 By(b()u(r) —x)  (34)

x(0,7) =0, x(m, 1) = 0, x(z,0) = xo(2) (35)

where x denotes the dimensionless rod temperature, z is the
spatial coordinate along the axis of the rod, fi7 denotes the
dimensionless heat of reaction, y denotes the dimensionless
activation energy, fii; denotes the dimensionless heat-transfer
coefficient, u(f) denotes the magnitude of actuation, and b(z)
accounts for the spatial profile of the actuator. For the
above system the spatial differential operator 4 in Eq. 1
takes the form

&x
=— 6
Alx) =55 (36)
and the nonlinear function f{x) can be represented as
Fx) = Br(e7 1) — ) — pyx (37)

Two different spatial distributions for the actuator were
investigated. Initially, spatially distributed actuation with b(z)
= H(z — 03n) — H(z — 0.7n), where H(-) denotes the
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Figure 3. (a) Open loop profile of the state of the diffu-
sion-reaction process with a linear spatial
operator (Eq. 34) and (b) spatial profile of the
dominant eigenfunction obtained from the
initial ensemble of the system of Eq. 34.

standard Heaviside function, was considered. A point actua-
tor was also considered, the actuator distribution function in
this case being expressed by b(z) = d(z — 0.47m), where o(-)
denotes the modified Dirac function. The nominal values of
the parameters are: fi7 = 16, y = 2, and fiiy = 2. Figure 3a
presents the evolution of the PDE for u(f) = 0 from an initial
condition of x(z, 0) = 0.5. It can be observed that the system
evolves away from the desired, spatially uniform, x(z, 1) = 0
steady-state to another steady-state characterized by a non-
uniform distribution of temperature across the rod, with the
maximum reached at z = 7w/2. Hence, we conclude that the
steady-state x(z, #) = 0 is an unstable one.

The control problem can be formulated as designing a
state feedback controller that stabilizes the rod temperature
to the spatially open-loop unstable steady-state. The con-
trolled output y.;, is chosen to be the first dominant eigen-
mode (function c(z) in Eq. 1 is chosen to be the first domi-
nant eigenfunction) with a desired setpoint of v = 0. We
assume that the measurements of all the states of Eq. 34 are
available and focus on state feedback control. The relative
degree of the system r; is one and the number of control
inputs k, is one. The controller parameters used in Eq. 24 are
B = 1and B0 = 0.95.

Numerical results

In order to obtain a finite dimensional approximation of
the infinite dimensional system of Eq. 34, initially an ensem-
ble of 100 snapshots was generated for u(f) = 0. This has
been presented in Figure 3a. Each snapshot is a spatial pro-
file obtained at a fixed time instant from numerical simula-
tions of Egs. 34 and 35. The values of the discretized snap-
shot used were computed at 120 equispaced locations. Note
that an exhaustive sampling of the state-space of the PDE for
a number of different initial conditions and magnitudes of
actuation was not required during the ensemble generation
phase. Application of KLE at this initial stage resulted in a
single dominant eigenfunction, which captured more than
99% of the energy embedded in the ensemble. This eigen-
function is shown in Figure 3b. Based on this eigenfunction
a one-dimensional (1-D) reduced-order model was derived
by applying Galerkin’s method to the PDE system of
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Eqgs. 34-35. Based on this system a feedback linearizing con-
troller of the form of Eq. 25 was designed. During closed-
loop process operation it was assumed that snapshots of the
process evolution are available every ¢, = 0.1 s. The finite
dimensional process model and the control law were recon-
figured after each new process measurement was received. In
this work, the value of the user parameter ¢ was set to 99
i.e., the modes of the dominant subspace [P captured at least
99% of the energy in the ensemble.

The process was initially simulated with spatially distrib-
uted actuation b(z) = H(z — 0.3n) — H(z — 0.7n). Figure 4a
presents the spatiotemporal profile of the rod temperature
under closed-loop operation. We observe that the controller
stabilizes the process at the open-loop unstable steady-state.
Figure 4b presents the corresponding profile of the control
action u(r). We note that the control action u(f) is a smooth
function of time (i.e., the temporal profile exhibits no discon-
tinuities or chattering), and converges to zero as the control
objective is achieved. Even though more process measure-
ments from the closed-loop operation were included in the
ensemble, while simultaneously old snapshots were removed,
one eigenfunction was found to capture 99% energy of the
ensemble during the process evolution. This can be observed
in Figure 4d; the percentage contribution of the dominant
eigenvalue of ¢,, ¢, in this case never increased to more than
1, and as a result, the subspace [P was not augmented. The

_.

2
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Figure 4. (a) Closed-loop temperature profile of the
system of Eq. 34 using distributed actuation,
b(z) = H(z — 0.3nr) — H(z — 0.7xn) (b) temporal
profile of control action using distributed
actuation for the system of Eq. 34 (c) tempo-
ral profile of the dominant eigenfunction for
the system of Eq. 34 when using distributed
actuation and (d) temporal profile of the
number of dominant empirical eigenfunc-
tions used in the reduced-order ODE model
Eqg. 21 to capture the desired 99% energy of
the ensemble.
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Figure 5. (@) Closed-loop temperature profile of the
system of Eq. 34 using point actuation, b(z)
= 6(z — 0.4n), (b) temporal profile of control
action using point actuation, (c) temporal
profile of the first dominant eigenfunction
for the system of Eq. 34 using a point actua-
tor, and (d) temporal profile of the second
dominant eigenfunction for the system of
Eq. 34.

dominant eigenfunction, however, was recomputed to
account for the continuously changing ensemble of snap-
shots. The temporal profile of this dominant eigenfunction is
presented in Figure 4c.

Subsequently, a point actuator b(z) = o(z — 0.4m) was
employed to control the same process with the same control
objective. Figure 5a presents the spatiotemporal profile of the
rod temperature under closed-loop operation. We observe
that the controller successfully stabilizes the process at the
open-loop unstable steady-state. Figure 5b presents the corre-
sponding profile of the control action u(f). We again observe
that the control action is a smooth function of time; no dis-
continuities in the control action appear, and u(f) approaches
and remains at zero as the control objective is achieved. Fig-
ure 6a presents the temporal profile of the number of empiri-
cal eigenfunctions employed to obtain the reduced-order pro-
cess model. As more process measurements from the closed-
loop operation were included in the ensemble, while simulta-
neously old snapshots were removed, a new eigenfunction
became dominant and joined the dominant eigenspace P at ¢
= 1.5. Consequently, the dimensionality of the reduced-order
ODE model was increased from m = 1 to m = 2. This can
also be explicitly observed in Figure 6b, as ¢ increased to
more than 1%, the basis of subspace P was appended. The
controller was reconfigured at this point based on the revised
process model. In addition, the eigenfunctions were recom-
puted to account for the new trends appearing as the ensem-
ble of snapshots was revised. The temporal profiles of these
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Figure 6. (a) Number of dominant empirical eigenfunc-
tions used in the reduced-order model (Eq.
21) for the system of Eq. 34 as a function of
time for point actuation b(z) = é(z — 0.4n) and
(b) temporal profiles of eigenvalues of H, and
of the largest eigenvalue of ¢, for the system
of Eq. 34 using a point actuator.

two dominant eigenfunctions are presented in Figure Sc
and d.

Spatially distributed actuation with nonlinear spatial
operator and a spatially varying coefficient

In this section, we apply the proposed finite dimensional
adaptive control method to the diffusion-reaction process
considered in the previous section when the spatial differen-
tial operator is nonlinear (e.g., nonlinear dependence of ther-
mal conductivity on temperature), and the dimensionless
reaction rate constant fi is spatially-varying. In this case, the
process model is given by the following nonlinear parabolic
PDE

o 2 (M5 e e
e~ (38)

subject to the following boundary conditions

x(0,1) =0, x(m,1) =0 39)

Figure 7. (a) Open loop profile of the state of the diffu-
sion-reaction process with a nonlinear spatial
operator (Eq. 38), and (b) spatial profile of the
dominant eigenfunction obtained from the
initial ensemble of the system of Eq. 38.
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Figure 8. (a) Closed-loop temperature profile of the
system of Eq. 38 using distributed actuation
b(z) = H(z — 0.37) — H(z — 0.7x), (b) temporal
profile of control action for the system Eq.
38, (c) temporal profile of the first dominant
eigenfunction for the system of Eq. 38, and
(d) temporal profile of the second dominant
eigenfunction for the system of Eq. 38.

and the initial condition x(z, 0) = xo(2). k(x) now is expressed
by an explicit nonlinear function of the state, f7(z) denotes
the dimensionless heat of reaction that is now an explicit
function of the spatial coordinate z. The nominal values and
expressions of the process parameters used in the presented
simulations are: kK = 0.5 + 0.7/(x + 1), xo(z) = 0.5, fr(z) =
16[cos(z) + 1], y = 2, and Sy = 2. The spatial differential
operator 4 in Eq. 1 for the earlier process takes the form

d ox
a0 = 37 (k) ) (o)
and the nonlinear function f{(x) is of the form

Fx) = Br(z) (e —e77) — Bx (41)

Two different actuator cases were investigated. Initially, a
spatially distributed actuation with b(z) = H (z — 0.3n) — H
(z — 0.7m) was considered and, subsequently, a point actua-
tor b(z) = o(z — 0.4m) was considered. Figure 7a presents
the evolution of the PDE for u(f) = 0 from an initial condi-
tion of x(z, ) = 0.5. It can be observed that the operating
steady-state x(z, ) = O is an unstable one, and the system
converges to a stable spatially nonuniform steady state. The
control problem is again formulated as designing a feedback
controller that stabilizes the rod temperature at the above
open-loop unstable steady-state.

Numerical results
We initially generated an ensemble of 100 snapshots of
the infinite dimensional system of Eq. 38 with u(f) = 0, with-
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out performing an exhaustive sampling of the state-space of
the PDE. This ensemble of snapshots has been presented in
Figure 7a. Application of KLE along with the method of
snapshots to this ensemble of snapshots resulted in a single
dominant eigenfunction, which captured more then 99% of
the energy embedded in the ensemble. This dominant eigen-
function is presented in Figure 7b.

We then simulated the process using spatially distributed
actuation b(z) = H(z — 03n) — H(z — 0.7m). Figure 8a
presents the spatiotemporal profile of the rod temperature
under closed-loop operation. We observe that the controller
successfully stabilized the process at the open-loop unstable
steady-state. Figure 8b presents the corresponding profile of
the control action u(f). We again note that the control action
is a smooth function of time (with no discontinuities or chat-
tering) and converges to zero as the control objective is
achieved. Owing to nonsymmetric solution profile of Eq. 38,
the number of empirical eigenfunctions required to capture
99% of energy of the ensemble changes from m = 1 to m =
2 at t = 2.4 (see Figure 9a). This can also be observed from
Figure 9b; when ¢ increased to more than 1%, the basis of
subspace P was appended. In addition, the eigenfunctions
were recomputed to account for the continuously changing
ensemble of snapshots. This is demonstrated in Figure 8c
and d which presents the temporal profiles of the two domi-
nant eigenfunctions, respectively.

To investigate the applicability of the method when many
modes are excited, and to illustrate the region of attraction of
the closed-loop system for this case, we simulated the system
(under the proposed controller) from uniform initial condi-
tions of x(z, 0) = 0.5 and x(z, 0) = —0.5, respectively. Fig-
ure 10a presents the spatiotemporal profile of the rod temper-
ature under closed-loop operation when starting from an ini-
tial condition of x(z, 0) = 0.5, and Figure 9b presents the
spatiotemporal profile of the rod temperature when starting
from an initial condition of x(z, 0) = —0.5. In both these
simulations, the slow and the fast modes of the system are
initially excited. Furthermore, we illustrate the fact that a
previously captured ensemble of snapshots (we used an en-
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Figure 9. (a) Temporal profile of number of dominant
empirical eigenfunctions used in the
reduced-order model (Eq. 21) for the system
of Eq. 38 (distributed actuation b(z) = H(z —
0.3n) — H(z — 0.7xn)), and (b) temporal profiles
of eigenvalues of H and of the largest eigen-
value of ¢, for the system of Eq. 38 using a
spatially distributed actuator.
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Figure 10. (a) Closed-loop temperature profile of the
system of Eq. 38 for uniform initial condi-
tion of xo = 0.5 (distributed actuation, b(z) =
H@EZz — 0.3n) — H(z — 0.7xn)), and (b) closed-
loop temperature profile of the system of
Eq. 38 for a uniform initial condition of xo =
—0.5 (distributed actuation).

semble from a previous simulation run) can be used by our
method. Using the “old ensemble” and the proposed method
we observe that the closed-loop system successfully con-
verges to the open-loop unstable steady-state in both cases.
We subsequently used a point actuator b(z) = é(z — 0.4n)
to simulate the aforementioned process. Figure 1la presents
the spatiotemporal profile of the rod temperature under
closed-loop operation. We again observe that the controller
was successful in stabilizing the process at open-loop unsta-
ble steady-state. The profile of the computed control action
is presented in Figure 11b. We observe that it is a smooth
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Figure 11. (a) Closed-loop temperature profile of the
system of Eq. 38 using point actuator b(z) =
6z — 0.47n), (b) temporal profile of control
action, (c) temporal profile of the first domi-
nant eigenfunction for the system of Eq. 38
when using a point actuator, and (d) tem-
poral profile of the second dominant
eigenfunctions for the system described by
Eq. 38.
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Figure 12. (a) Temporal profile of number of dominant
empirical eigenfunctions used in the reduced-
order model (Eq. 21), to capture the desired
99% of energy of the ensemble for the system
of Eq. 38 (point actuation b(z) = é(z — 0.4x)),
and (b) temporal profiles of eigenvalues of H
and of the largest eigenvalue of c,.

function of time and that it converges to zero. Figure 12a
presents the variation in the number of empirical eigenfunc-
tions employed to obtain the reduced-order process model.
As more process measurements from the closed-loop opera-
tion were included in the ensemble while simultaneously old
snapshots were removed, the percentage contribution &, of
the dominant eigenvalue of c,, increased to more than 1 (see
Figure 12b), and, consequently, a new eigenfunction joined
the dominant eigenspace at ¢+ = 7.1. The dimensionality of
the reduced-order ODE model was at that time instant
increased from m = 1 to m = 2. In addition, the eigenfunc-
tions were recomputed to account for continuously changing
ensemble of snapshots. The temporal profiles of these domi-
nant eigenfunctions are presented in Figure 11c and d.

Effect of parametric uncertainty

To illustrate the effectiveness of the methodology under
significant parametric uncertainty for the process described
by Eq. 38, we assumed a 10% uncertainty in the process pa-
rameter f7(z), which leads to a more unstable open-loop pro-
cess behavior. The nominal value of f7(z) was set at 17.6
[cos(z) + 1], and all the other process parameters were at the
nominal values presented at the beginning of this section.
The controller (Eq. 25), however, was designed using [(z)
= 16 [cos(z) + 1]. We subsequently used a point actuator
b(z) = 0(z — 0.4n) to simulate the aforementioned process.
Figure 13a presents the spatiotemporal profile of the rod tem-
perature under closed-loop operation. We observe that the
controller stabilized the process at the open-loop unstable
steady state even in the presence of 10% uncertainty in one
of its process parameters (which is directly coupled to the
nonlinear terms in Eq. 38). The computed control action was
again a smooth function of time and no discontinuities or
chattering appeared in its temporal profile. The temporal pro-
file of this control action is presented in Figure 13b. Figure
14a, presents a temporal profile of the number of eigenfunc-
tions employed to obtain the reduced-order process model
(Eq. 21). A new eigenfunction joined the dominant eigen-
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space at t = 4.6 when the percentage contribution &, of the
dominant eigenvalue of c,, increased to more than 1 (see
Figure 14b). The second eigenfunction was removed from
the dominant eigenspace at + = 12.2 when the corresponding
eigenvalue of the first eigenfunction was found to capture the
desired percentage (99%) of energy of ensemble. Figure 13c
and d present the temporal profiles of the two eigenfunctions.
It can be clearly observed that the eigenfunctions were
recomputed to account for the continuously changing ensem-
ble of snapshots.

Conclusions

This work extends the applicability of method of snapshots
in the feedback control of dissipative PDE systems by relax-
ing the requirement for a large and representative ensemble
of solutions, to cases where new snapshots become available
during the process evolution, and as a result the ensemble of
snapshots is continuously revised. The approach relies on the
computation of an approximation of the eigenspace of the co-
variance matrix corresponding to its significant eigenvalues.
This dominant eigenspace was updated recursively as new
snapshots from the process are added to the ensemble, simul-
taneously increasing or decreasing its dimensionality if
required. Under the assumption that the dimensionality of the
dominant eigenspace remains small, the computational bur-
den remained small implying that the methodology can be
easily implemented online. The effectiveness of the proposed
methodology was successfully demonstrated through repre-
sentative examples of dissipative PDEs with both linear and
nonlinear spatial differential operators. The methodology is
being currently extended to cases where the availability of

by 5 1ID 15 20 d)
Figure 13. (a) Closed-loop temperature profile of the
system of Eq. 38, using point actuator b(z)
= 6(z — 0.4rn) for 10% uncertainty in g5 (b)
temporal profile of control action, (c) tem-
poral profile of the first dominant eigen-
function, and (d) temporal profile of the
second dominant eigenfunction.
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Figure 14. (a) Temporal profile of number of eigenfunc-
tions of the system of Eq. 38 using point ac-
tuator b(z) = d(z — 0.4n) for 10% uncertainty
in B and (b) temporal profiles of eigenval-
ues of H, and of the largest eigenvalue of
Cq-

distributed sensors is restricted; output feedback controllers
should then be designed. Specifically, snapshots of process
become available only periodically and point measurements
from a restricted number of sensors are continuously avail-
able.
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Appendix A

We note that the proof presented in this section is along
the lines of the proof presented in Shroff and Keller.®

Lemma 1. The set of eigenvalues of ¢, = QCxQ is the
subset of eigenvalues of Ck that correspond to the eigenmo-
des which belong to subspace Q.

Proof: Since Cg is symmetric and positive definite, there
exists a real block diagonal decomposition of Cx

and

J— (.gl ;) )’ Jl c [Rm><m7 J2 c [R(Kfm)X(Kfm) (A3)
2

The columns of W and W, form the bases for the subspa-
ces associated with 4y,..., 4, and /,,,1,..., Ag respectively.
The block J; is associated with the eigenvalues A;,..., 4,
and J, contains the block for 4,,,1,..., Ax. By definition the
range space of Wy is [P, which implies OW; = 0

CxkWy = Wal, (A4)

and
OWiJy = OCxWy = QCk (PWy + OW>) = QCxkQW,  (AS)
Here we used the fact that QC,P = 0. (Since P is an or-
thogonal projector we know that P?> = P. As a result we can
write CxP = PCgP, and the result follows from the fact that

QP = 0). Let V = [W,, OW>], and use Q2 =0, 0W;=0to
get

0Ck0V = 0c0(Wi,ow:) = oW (7)) o

Since W is nonsingular, it can be shown that V is also
nonsingular

0Cx0 = v(g Jg)v-‘ (A7)

Since the eigenvalues of J, are 4,,,1,..., Ag is a subset of

eigenvalues of Cg, the result follows.

Manuscript received Apr. 25, 2008, and revision received Oct. 23, 2008.

Cx = Wiw™! (A1)
where
W= (W, W), W,eR*" Ww,eR*E=m  (A2)
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